Time-extended measurement of the position of a driven harmonic oscillator 
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The von Neumann interaction between a particle and an apparatus, both of arbitrary mass, has 
been considered in the measurement of the position of a simple harmonic oscillator acted on by an 
external force. When the measurement has finite duration, both the motion of the pointer and the 
oscillator influence the result of the measurement. Provided that the oscillator is in an eigenstate of 
its position at the start of the measurement, the pointer will indicate the arithmetic average between 
the initial and final position of the particle with an added term which depends on the duration of 
the measurement and the frequency of the oscillator. This additional term is determined by the 
external force which also causes the appearance of a phase factor in the wave function at the end of 
the measurement. This phase factor depends on the average of the initial and final positions of the 
particle. Furthermore, the probability that the pointer will indicate a given average value is equal 
to the transition probability for the undisturbed free oscillator to experience the change in position. 
If the initial state of the pointer is a narrow wavepacket, then for any initial state of the oscillator, 
the measurement yields, approximately, the undisturbed probability distribution for the position 
of the free oscillator at the end of the measurement. The transition probability for the pointer to 
experience a change in its position has also been evaluated. 



PACS numbers: 03.65.Ta 
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I. INTRODUCTION 

The current work is an extension and generalization of 
that of reference [1] by the present author. That work 
provided a detailed analysis of the finite time measure- 
ment of the position of a free particle when the measuring 
apparatus and the particle have finite masses. The case 
of a simple harmonic oscillator interacting with an appa- 
ratus of infinite mass was also considered in detail. 

We consider a harmonic oscillator acted on by an ex- 
ternal force interacting with an apparatus of finite mass. 
The Hamiltonian for this system is 



„2 p2 

2m V ' ' 2M 



H 



(1) 



The mass of the oscillator is m and the mass of the ap- 
paratus or pointer is M. The total potential acting on 
the oscillator of frequency u> is 



V(x,t)=V(x)-f D (t)x, 



(2) 



where V(x) = ^muj 2 x 2 and fo(t) is the external or driv- 
ing force acting on the oscillator. 

The interaction between the particle and the apparatus 
is described by the von Neumann Hamiltonian [2] for the 
measurement of the position of a particle 



Hi = ^f(t)xP, 



(3) 



where P is the momentum of the pointer, T the duration 
of this interaction, and f(t) is a dimensionless coupling 



function of time with compact support [0,T]. Just before 
the measurement, the system is described by the pure 
state tpo(x,X) = (f)o(x)^o(X), where <j)o{x) is the state 
of the particle and $o(X) describes the state of the ap- 
paratus, with X the pointer position. If we assume that 
T is very short, compared to any dynamical time scale 
for particle and pointer, then the interaction (3) is very 
large compared to all the other terms in (1) and by itself 
makes the system evolve to the entangled state at the 
end of the measurement 



ip(x, X) = (p {x)<5>o(X - gx), 



where 



1 f T 

tJ ^ dt 



(4) 



(5) 



is a dimensionless coupling constant. The final state (4) 
of the system is the product of the state of the parti- 
cle, unaffected by the measurement, and the state of the 
pointer, which correlates with the position of the par- 
ticle. For a measurement that is very fast the wave 
packet for the pointer has not spread, and its center has 
been displaced by an amount given by the shift func- 
tion s(x) — gx. Furthermore, the probability distribu- 
tion that in the final state the pointer indicates a value 
corresponding to the position x of the particle is 



P{x) 



\<to{x)* {X - gx)\ 2 dX. 



For a normalized pointer state $q(X), this is 
P(x) = \Mx)\ 2 • 



(6) 



(7) 
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This is in agreement with the general characterization of 
measurement theory in reference [3] . The probability dis- 
tribution in the final state where the apparatus indicates 



2 



the value x, is equal to | ^oO^)! j just the same as the 
probability distribution for the position of the particle 
in the state before the measurement. It is in this sense 
that this is a perfect measurement. In a measurement in 
finite time the kinetic energy of the particle cannot be 
neglected and the position of the oscillator is no longer 
a constant of the motion; thus the measurement will be 
imperfect [4, 5]. 

In this paper, we will consider the case of any coupling 
function f(t) in (2) and a driving force fo(t), both sym- 
metric about the midpoint of the interval [0, T]. We will 
find that for a driven oscillator in an eigenstate of its 
position x at t = 0, at the end of the measurement at 
time T the shift function for the pointer is given by an 
expression of the form 



s(x,x') = g(w,T) 



+ d{co,T), 



(8) 



where oj is the frequency of the oscillator, x and x' are the 
initial and the final position of the oscillator, g(co, T) is a 
dimensionless function of the frequency and the time T, 
and the displacement term d(ui,T) appears as a result 
of the driving force. That is, the pointer correlates with 
the arithmetic average of the initial and final position of 
the oscillator, and an additional constant term is added 
to yield the position of the pointer at the end of the 
measurement. If cither the coupling function or the driv- 
ing force, or both, are not symmetrical about the mid- 
point of the time duration of the measurement, then the 
shift function consists of a linear combination of the ini- 
tial and final positions of the oscillator plus a constant 
term which again is due to the presence of the exter- 
nal force. Finite time von Neumann measurements were 
considered first in reference [6] for the spin of a parti- 
cle, and more recently in reference [1] for the case of 
the position of a particle. The present work describes a 
single measurement that takes a finite amount of time. 
This is to be distinguished from the continuous monitor- 
ing of the position of a particle as in references [7-10]. 
In reference [11] the continuous observation of the posi- 
tion of an oscillator acted on by an external force was 
considered. References [12, 13] develop a formalism for 
measuring the time average of any dynamical quantity on 
individual Feynman histories; and implicitly a Feynman 
meter of infinite mass was introduced. Also see [14] for 
the general relation between restricted paths sums and 
von-Ncumann-like quantum measurements. 

Apart from its intrinsic interest in quantum measure- 
ment theory when a particle is moving in a quadratic po- 
tential, the current problem is also of interest in the gen- 
eralized quantum mechanics of closed systems [15, 16], 
particularly in the study of decoherence issues when the 
closed system consists of a driven oscillator and an ap- 
paratus that performs a finite time measurement of the 
position of the oscillator. This will be explored in a forth- 
coming work by this author. 

The model described by (l)-(3) is developed in Sec. II 
of this paper, and its behavior for a pointer with finite 



mass is found in Sec. III. In Sec. IV we study the prob- 
ability distribution for the position of the particle when 
the measurement is completed as well as its relation to 
the different transition probabilities for the oscillator and 
for the pointer. 



II. FORMALISM. THE PROPAGATOR FOR 
THE SYSTEM OSCILLATOR-APPARATUS 

In this section we will develop the basic formalism for 
the evaluation of the propagator for the Hamiltonian (1). 
In reference [1] it was shown that the propagator for a 
particle-pointer system, with U = 1, is written as a sum 
over all paths between and T as 

(x,X\e^ HT \x',X') =JJ 6x(t)SX(t)e iS ^> x W\ (9) 

where the action is 



S[x(t),X(t)]=f 7 
Jo 



171 .9 TT, N 

- X 2 -V(x,t) 



/(*). 



dt. (10) 



Inserting two complete sets of eigenstates of the 
momentum P of the pointer, normalized according 
to (P\ P') = 5(P — P'), the propagator can be rewrit- 
ten 



(x,X\ e 



where 



-iHT if 



x'X') = 



dP i[P(X-X')-(P 2 /2M)T] 

2tt 



x (a;| e 



-iHpT I / 



x') 



H P = ^ + V(x,t) + f -^xP 



(11) 



(12) 



The reduced propagator (x\ e~ lHpT \x') for the particle 
can be expressed as a sum over all particle paths and the 
propagator in (11) becomes 



(x,X\ e 



-iHT 



c',x')=r 

j —i 



dP 
2T 



i[P(X-X')-(P 2 /2M)T] 



iS P [x(t)] 



X J 5x(t) 
where the reduced action is 

Sp[x(t)] = [ Lpdt 
Jo 

and L P is the reduced Lagrangian 

Lp = yi 2 - V(x,t) - fxR 

For a driven oscillator the reduced Lagrangian is 

m 



m 

Lp = -x 



2 ^LJ 2 x 2 +F(t,P)x 



(13) 



(14) 



(15) 



(16) 
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with 

F(t,P)=f D (t)--p-P. (17) 

The Lagrangian (16) is quadratic and therefore the 
path integral in (13) is determined by the classical ac- 
tion for the reduced Lagrangian 

J 6xe iSp[x(t)} =Ae iS cl (P)^ (18) 
I 



where A is an amplitude factor and S c i (P) is the classical 
action. If both f(t) and /r>(i) are symmetric about the 
midpoint of the measurement interval [0, T], then using 
a familiar result from reference [17] the classical action 
for the reduced Lagrangian (15) is 



S cl {P) = - mU Ux 2 + x 12 ) cos ujT - 2xx'\ + ^ + X J C Fit, P) sin wt dt 
zsinwT sinwT J 

smut J J F ( t ^ P ) F ( s ^ P ) sinuJ ( T ~ *)sinws dtds. 



muj sin l 



(19) 



If either f{t) and /n(i), or both, are not symmetric about 
the midpoint of the measurement interval [0, T], then we 
would obtain that the coefficients of x and x' in the ex- 
pression above are not the same. In this case the pointer 
will not indicate the arithmetic average of the initial and 
final positions of the particle, but instead it will corre- 
late with a linear combination of the initial and final 



I 

positions. 

The amplitude factor is given by 

/ raw \ V 2 , . 

A = I - : . (20) 

Inserting (17) in (19) the following expression for the 
classical action is obtained: 



Sd(P) 



muj 



; [(x 2 + x' 2 ) cos ujT - 2xx'\ 



A d (lu,T) 2B d (w,T) fx + x' 



2sinojT LV ' mujamujT ' sinwT V 2 

PC D (u,T) 2PB{uj,T) (x + x'\ P 2 A(u,T) 



Tmuj sin ujT TsinwT 



T 2 muj sinwT 



(21) 



where 



A D {w,T) =11 dtdsf D (t)f D (s) 
Jo Jo 

x sinw(T - t) s'muis (22) 



B d (lj,T)= [ dtf D (t)smtJt 
Jo 



(23) 



C D (u,T)= [ [ dtds[f D (t)f(s) + f(t)f D (s)} 
Jo Jo 

x sinw(T - t) sinws (24) 



T P t 



Jo Jo 



dtdsf(t)f(s) sinw(T - t) sinws (25) 



B{u,T)= [ f(t)sinujtdt. (26) 
Jo 

The propagator for the system oscillator-pointer is then 



(x,X\e- iHT \x',X" 



dP 
~2n' 



ilPtx-x')-^] 



xAe iS cl (P) 



(27) 



where the amplitude A is given by (20) and S c i(P) is 
given by expression (21). 

Next we insert into (27) the expression (21) for the 
classical action. The integration over the momentum of 
the pointer is easily carried out to obtain 
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(x,X\e- iHT \x',X') =K (x,T;x>,0)e^ x+x 'V 2 ^ ( 

\ ZTTlT J 



1/2 



x exp < i 



■Meff 



2T 



X-X'-g( U ,T)[^-)-d(u,T) 



(28) 



where the effective mass is 



M, 



eff 



M 



1 + 



2A(uj, T)M 
tuujT 3 sin(wT) 



(29) 



and A(u,T) given by (25). 

The factor Kq is the propagator for the free harmonic 
oscillator: 



K (x,T;x',0)=( 



muj 



;) 7 exp|^ 



2iri sin wT / I 2sinwT 

x[(x 2 +x' 2 )cosujT -2xx']}. (30) 



The coupling constant multiplying the arithmetic average 
of the initial and final position in expression (28) is given 

by 



2B(uj,T) 
TsinwT ' 



(31) 



where B(lj,T) is given by (26). 

The driving force introduces two terms into the prop- 
agator: a displacement term 



d(u,T) 



C d {lo,T) 
muoT sin uoT 



(32) 



with Cd determined by (24), and a phase factor exp(i</>), 
where the phase is given by the expression 



sinwT 



B 



D 



x + x' 



A 



D 



2muj 



(33) 



with Ad and Bd are determined by (22) and (23) respec- 
tively. In the absence of the driving force the propagator 
for the system does not have the displacement term (32) 
nor the factor with the phase (33). The effective mass 
term (29) and the coupling constant (31) are the same as 
in the driven case. 

In the limit of a very short measurement, the expres- 
sion (28) for the propagator yields the familiar von Neu- 
mann result 



(x,X 



-iHT I / 



,X') = 6(x-x')6[X -X' - f(0)x] 



T->0 



where /(0) is the dimensionless coupling function in (3) 
evaluated at t — 0. 

Also, in the limit to — > 0, expression (28) for the propa- 
gator of the system becomes the propagator for a particle 
acted on by a force /r>(t) when both the force and the 



I 

coupling function in (3) are symmetric about the mid- 
point of the measurement time interval. The effective 
mass is now 



M e ff = M 1 + 



2M 



f dt [ ds(T - t)sf(t)f(s) 
o Jo 



(34) 



(35) 



and the coupling constant in (31) becomes 

g(T) = ^ J\f(t)dt. 

The displacement in (32) is now 

d{T) = ~^IoH [fD{t)m + mMs)] 

x(T-t)sdtds. (36) 
The phase (f> in (33) is written 

<j> =2x [ f D {t)tdt 
Jo 

J J* f D {t)f D {s){T-t)sdtds, (37) 
where x = (x + x')/2. 



III. OSCILLATOR-APPARATUS STATE AFTER 
THE MEASUREMENT 

Unitary evolution will determine the state of the sys- 
tem oscillator-apparatus at the end of the measurement 
at time T. That is, 

/oo poo 
/ (x,X\e- iHT \x',X') 
- oo J — oo 

x^ (x',X')dx'dX', (38) 



where the initial state of the system is ip (x,X) = 
ipo(x)$ (X) and H is the Hamiltonian (1), with the 
potential 



m 



V(x,t) = -lu 2 x 2 - f D (t)x. 



(39) 



After inserting (28) into (38), we obtain 

/oo 
dx'<p {x')ip D {x,x',X,T) (40) 
-CO 



■5 



where the driving force /r>(i) is contained in the term 

x + x' 



iPd(x, x', X, T) =cxp i(f> ^ — '- — ,lj,T 

x$ Meff [X - s(x,x' 
with the shift function 



K (x,T;x',0) 
(41) 



s{x, x') = g{co, T) ( ) + d(u, T), 



(42) 



where g(uj 7 T) and d(co,T) are given by (31) and (32) 
respectively. 

The factor Kq(x, T, x' , 0) in (41) is the propagator (30) 
for the free oscillator. The factor is given by the 

expression 

j dX> M X>) 

xcxp|z^[X-X'- S (x,x')] 2 |. (43) 

which exhibits the entanglement between the oscillator 
and the pointer. This expression can be rewritten in the 
form 

1/2 



J dX'$ [X'-s(x,x')] 
xexpj^X-X') 2 }, (44) 



which describes a spreading wavepacket centered at Xq = 
s(x,x') at t = 0. At time T this spread corresponds to 
the evolution of a free particle with mass M e g. 

If the initial state of the oscillator is an eigenstate of 
the position with eigenvalue xq, then (fa(x) — 5{x — xq) 
and from (40), (41) and (42) we obtain the wavefunc- 
tion for the oscillator apparatus system at the end of the 
measurement 



ip(x, X,T) = K Q (x, T- x , 0) cxp 
x<i> 



, x + x 



'M eff 



X-g( U ,T)[^p.)-d(w,T) 



(45) 



The expression (45) shows that after the measurement 
the pointer indicates the arithmetic average of the initial 
and final position of the oscillator. In addition a position- 
independent term d(uj,T) has been added to the indica- 
tion of the pointer at the end of the measurement. This 
added term exhibits the effect of the driving force on the 
measurement. The driving force introduces a phase fac- 
tor e 1 ^ in the final state wavefunction with the phase 4> 
given by expression (33) evaluated at the initial oscillator 
position x' — x . 

When the initial state of the oscillator is not a sharp 
state of the position, then (40) and (41) show that the 
final state is a superposition of states of the form (45). 
If the range of the particle initial position in the initial 
state (fio(x) of the oscillator is x — A < x < x + A, then 
after the measurement is completed, for a given final po- 
sition x of the oscillator the pointer has moved, and the 
possible values of the shift function (42) spread continu- 
ously in the range g(x — A/2) < s(x,x') < g(x + A/2), 
where g is given by (31) and x = (x + x)/2. 



IV. THE PROBABILITY OF THE POSITION 
OF THE OSCILLATOR IN THE STATE AFTER 
THE MEASUREMENT 

Next we consider the probability distribution of the po- 
sition of the oscillator in the final state described by (40) 
and (41). We can rewrite (44) 

/oo 
(X\U eff (T,0)\X' + s(x,x')) 
-oo 

x{X\$ )dX', (46) 
where s(x,x') is the shift (42), and 

U eff (T, 0) = cxp [-i (P 2 /2A%) T] (47) 

is an effective time evolution operator for a free particle 
of mass M e ff , with h = 1 and P the pointer momentum 
operator. The probability distribution for the position of 
the oscillator is obtained by integrating over the pointer 
coordinate 



/OO f- oo />oo 

dX\tp(x,X,T)\ 2 = dX / dx' (x\U (T,0)\x')(x'\vo) 
-oo J — oo J —oo 



x J dX' exp 



x + x' 
t0 I — z — ,w,T 



(X\U eff (T,0)\X' + s(x,x')) (X'\$ ) 



(48) 



where (x\Uo(T,0) \x') — K (x, T; x' , 0), the propaga- The integration over dX in (48) produces a 5-function 
tor (30) for the free oscillator. kernel 



/oo 
dX(X" + s(x,x")\Ul ff (T,0)\X) 
-oo 



x (X\U eff (T,0) \X' + s(x,x')) 

= S[X -X' + g(u,T)(x' -z")/2]. (49) 
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Next in (46) the integrations over the pointer variables 
are collected, and after inserting (49) we obtain 

/oo />oo />oo 

dX dX'l dX" (X"+ s(x,x")\ul ff (T,0)\X) 
-oo J —oo J —oo 

x (X\ U eff (T,0) \X'+ s(x,x')) ($ \X") (X'|$ > 



-/ 

J —', 



dX'$l 



X'+g(uj,Ty- 



*o(*')> (50) 



where s(x,x') is given by (42). 

Finally, the following expression is obtained for the 
probability distribution: 



(2X|V>(x,X,T)| 2 



dx"K^(x,T;x",0)^(x") 



x / dx' Kq(x,T; x'O)ipo(x') 



x cxp 



x + x" 



,u,T 



x cxp 

X A overlap 

with the pointer overlap factor 



x + x 
i<P I — x — ,w,T 



(51) 



/OO 
^0 
-oo 



X + g(u,T) 



x — x 



<f>o(X)dX. 



(52) 

The entanglement between the oscillator and the appa- 
ratus takes place through this overlap integral. 

When (51) is integrated over the position of the oscil- 
lator, and the initial state is normalized, we obtain the 
result 

/oo />oo 
/ dxdX\^{x,X,T)\ 2 = 1, 
- oo J — oo 

as expected by unitarity. 

The total phase in the phase factors in (51) can be 
worked out with the help of (33) 



x + x' 



x + x" 



D 



D 



sincjT 



x — x 



, (53) 



where Bp is given by (23). The effect of the driving force 
only appears through this phase term. 

The overlap integral in (52) can be expanded in powers 
of (x' — x") and written 



J — ( 



$* [X + g(u,T)(x' - x")/2]<S>»(X)dX 

/OO 
mX)$ {X)dX + O{x' -x"). (54) 
-oo 



If we assume that the initial state of the pointer is a very 
narrow normalized wavepacket, then we get a significant 
contribution to (52) only in the region x" w x', and we 



can use the approximation A over i ap w 1 in (52). Like- 
wise, the phase (53) vanishes in this approximation. 

Under these conditions the probability distribution for 
the position of the oscillator in the final state is approx- 
imately 

/oo poo 
/ dxdX\^(x,X,T)\ 2 m \(fi(x,T)\ 2 (55) 
-oo J — OO 

with 

/oo 
dx'K (x,T;x',0)ip (x'). (56) 
-oo 

Thus, if the initial state of the pointer is narrow, the 
entanglement between the oscillator and the pointer is 
negligible. Furthermore, the probability distribution for 
the position of the oscillator in the state right after the 
measurement is approximately the same as the proba- 
bility distribution in the state at time T corresponding 
to the oscillator evolving with no external force, and be- 
ing uncoupled from the pointer. In short, whether the 
oscillator is free or driven, the result is the same with 
regard to the probability distribution after the measure- 
ment. The driving force only influences the displacement 
of the pointer at the end of the measurement. A simi- 
lar result was also obtained in reference [1] for the case 
of a free particle. In this sense this is an almost perfect 
measurement of the position of the oscillator. On the 
other hand, if the initial state of the pointer is not nar- 
row, the entanglement particle-pointer is not negligible, 
and the influence of the phase difference (53) cannot be 
neglected either. The measurement is imperfect. Next 
we will consider two cases: 



A. Sharp oscillator state at the start of the 
measurement 

The initial state of the system oscillator - pointer is 
Mx,X,T) = 5(x-x )MX). (57) 

Then it follows from (51) that the probability distribu- 
tion is 



f 

J — ; 



dX\t(;(x,X,T)\ 2 = \K Q (x,T;x ,0)\ 2 (58) 



or, substituting for the propagator of the free harmonic 
oscillator (30), we obtain the probability distribution 



/oo 
dX\1>(x,X,T)\ 2 = 
-oo 



muj 



2tt sincjT 



(59) 



This is the same result obtained in reference [1] for a free 
harmonic oscillator and a pointer with infinite mass. The 
finite mass of the apparatus and the presence of a driv- 
ing force do not influence this result. The initial state 
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of the system is not normalizable and therefore this re- 
sult is consistent with the uniform relative probability 
distribution in (59). 

We can solve for the Hcisenberg equations of motion 
for the driven oscillator: 



x{t) =x(0) coswt H smwt 



muj 



G(t,t')f D (t')dt', 



(60) 



p(t) =— mwx(0) sinojt + p(0) cos ujt 



—muj 



f dt' f dt"G(t',t")f D (t")+ fdt'fnit'), 
Jo Jo Jo 

(61) 

and G(t,t') satisfies the equation 

(m^ +mLJ ^j G(t,t') = 5{t-t'), (62) 

with G(M') = for t < t'. 

In the position basis , and with fi = 1, the eigenstates 
of x(T) are solutions of the equation 

x cos uT(x\x(T)) _ ^ mujT ® / x \ x m) 
mui ox 

+F D (T) (x | x(T)) = x(T) (x | x{T)) , (63) 



where 

F D (T)= ( T G(T,t')f D (t')dt'. 
Jo 

Equation (63) has the solution 



(64) 



(x\x(T)) =Cexp 



mui 



sin ujT 
+xF D (T) -x{T)x 



■ cos coT 



(65) 



where F(T) is given by (64) and C is an arbitrary con- 
stant. The 6 function normalization 



(x'(T)\x,(T))=S[x'(T)-x(T)} 
yields the value 



C = 



2nsmuT 



1/2 



(66) 



(67) 



The normalized state (65) gives the transition probability 
for the oscillator to go from x(0) to x(T) 



{x(T)\x(0))\ 2 = 



2ir sinwT 



(68) 



This result is just \Kq(x, T; xq, 0)| , the probability dis- 
tribution for the oscillator at the end of the measurement. 
That is, 



/OO 
dX\^(x,X,T)\ 2 
-oo 



(69) 



It easily follows from (60) that the transition probability 
from x(0) to x = [x(0) + x(T)]/2 is given by 

/oo 
dX\iJj(x,X,T)\ 2 . (70) 
-oo 



Finally, if the average is taken over a Feynman path 



X 



i r 



(71) 



then the following result is obtained for the transition 
probability 



\(x\x{0))\' 



tan ~ rr~ ./ x 



/oo 
dX\i:(x,X,T)\ 2 . (72) 
-oo 



Whether the oscillator is free or is acted on by an external 
force, results (68), (70) and (72) hold. The driving force 
does not influence these results. 



B. Sharp pointer state at the start of the 
measurement 

The initial state of the system oscillator - pointer is 
Mx,X) = Vo {x)5{X). (73) 
Inserting $>o(X) = S(X) into (52) we obtain 

2 



^overlap — 



6(x'-x"), 



(74) 



and inserting this result into (51) yields the probability 
distribution 



f 



dX\xP(x,X,T)\ 2 = 



muj 



g(u>, T)7rsinwT 



(75) 



where g(to,T) is given by (31). This result is the same 
for all normalized initial states of the oscillator. Fur- 
thermore, the relative probability distribution is uniform, 
which is consistent with a non-normalizable initial state. 
The driving force does not influence this result. 

In the limit w —> we obtain the result valid both for 
a free particle and for a particle acted on by a force 



J — ( 



dX\ij>{x,X,T){ 



m 



g{T)*r 



(76) 



with g(T) given by (35). 

We can solve for the Hcisenberg equations of motion 
for the pointer to obtain 



P(t) - P(0) = Po- 



(77) 



The momentum of the pointer is a constant of the motion. 
The position of the pointer evolves in time according to 

X(t)=X + ^t+±J*f(t')x(t>)dt>. (78) 
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In order make the evaluation of the transition probability 
for the pointer more tractable we let the coupling func- 
tion in (3) be a dimensionless constant, that is f(t) = g. 
Next we insert (60) into the previous expression for X(t) 
and at time T we obtain 



2p 



raw 



2 sm — 



X 



sinwT + Gd(T) 



where 



Gd(T) 



T dt' f dt"G(t',t")f D (t"). 
o Jo 



(79) 



(80) 



The equation satisfied by the eigenstates of the position 
of the pointer at time T with eigenvalue Xt, 



X(T) \X T ) = X T \X T ) , 



(81) 



can be rewritten in terms of the position variables x 
and X of the oscillator and the pointer respectively 
at t = 0, to obtain 



if l 



X — Xt 
2.9 



^ sin uT+lG D (T) 



■ sin 



ujT 



d_ T d 
dx + ~M~dX 



$x T (x,X) = 
■9 Xt (x,X).(82) 



Tmcu 2 \ 2 
The solution to (82) can be written as a product 

^x T (x,X) = ip T (x)<5>x T (X), 
and we readily obtain 

muj 2 T 



(83) 



<Pt{x) =A v exp 



x [Cx 



2hg sin 

2 



2 I 



gx 



2ujT 



■ sin ujT 



(84) 



where A v and C are constants. This factor does not de- 
pend on the driving force, but only on quantities referring 
to the free oscillator. 

The factor with the pointer variable is 



§x T {X) =Aj,exp<j^ T 



r m 
> i i 



X 2 



-^G D (T) + CX 



(85) 



This factor depends on the driving force through G_d(T) 
defined in (80) and exhibits the dependence on the posi- 
tion Xt of the pointer at time T. 

Then it follows from (83), (84) and (85) 



/OO 
dX exp 
-OO 



i ^( X T - X T )X 



(86) 



where A = A v Aq>, and comparing with (X' T \ Xt) = 
2irS(X T — Xt) we obtain with fi = 1 



(87) 



From this result we can write the transition probability 
for the pointer starting at X = X at t = and sub- 
sequently evolving to the position Xt at time T. That 



is, 



(X \X T )\ 2 = 



M 

2rfT 1 



(88) 



in particular Xt = Xq + s(x,x r ). This transition prob- 
ability is independent of the initial state of the particle 
provided that the pointer is in an initial eigenstate of the 
position. Also, this relative probability is independent of 
the external force. 



V. SUMMARY AND CONCLUSION 

We have investigated the effect of a driving force act- 
ing on a harmonic oscillator during a finite von Neumann 
measurement process. We have considered the general 
case of a pointer of finite mass and an arbitrary driving 
force acting on the oscillator. The coupling function in 
the von Neuman interaction (3) is also arbitrary. The 
case that has been considered in detail is that both the 
driving force and the coupling function are symmetric 
about the midpoint of the duration of the measurement. 
The propagator for the system is given by the expres- 
sion (28) and consists of two factors: a factor for the 
pointer and a factor for the oscillator. The factor for 
the pointer has the form of a free particle propagator 
with mass M e g given by (29), which combines the mass 
of the pointer and the mass of the oscillator. In addi- 
tion, the initial position of the pointer is shifted by an 
amount proportional to the arithmetic average of the ini- 
tial and final positions of the oscillator plus a constant 
displacement that does not depend on the position of the 
particle, that is, s(x, x') = g(u, T) (x + x') /2 + d(u, T). 
The constant displacement d(co, T) is determined by the 
driving force acting on the oscillator. The factor for the 
oscillator consists of the propagator (30) for the free oscil- 
lator and a phase factor which is also determined by the 
driving force and depends on the arithmetic average of 
the initial and final positions of the oscillator. Thus the 
presence of the driving force serves to introduce a phase 
factor and an extra constant displacement into the prop- 
agator for the system. The entanglement between the 
oscillator and the apparatus is through the shift func- 
tion s(x, x') that appears in the factor for the pointer in 
the propagator (28). 

When the initial state of the oscillator is an eigen- 
state of the position, and the pointer is represented by 
a wavepacket centered at the origin, then, at the end of 
the measurement, the oscillator has evolved undisturbed 
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by the interaction with the pointer. That is, the oscilla- 
tor evolves as a free oscillator, and the driving force has 
merely introduced a phase factor as shown in (45). In the 
meantime the pointer has spread like a free particle with 
an effective mass M e ff. The center of the pointer has 
shifted to indicate the average between the initial and fi- 
nal positions of the oscillator, while the driving force has 
introduced an additional position independent displace- 
ment d(u!,T). When the initial state of the oscillator is 
a wavepacket, then the final state is a superposition of 
sharp position states at the start of the measurement. In 
this case, the pointer can indicate one or another of the 
different positions given by the shift function s(x,x'). 

Unitary evolution of the system yields the expres- 
sion (51) for the probability distribution for the posi- 
tion of the oscillator at the end of the measurement. 
This probability distribution exhibits the entanglement 
between the oscillator and the apparatus through the 
overlap integral (52) over the pointer coordinate. If the 
pointer is described by a narrow wavepacket centered at 
the origin at the start of the measurement, then the prob- 
ability distribution for the oscillator at the end of the 
measurement is approximately the same as if the oscilla- 
tor had evolved freely during the measurement. That is, 
neither the interaction with the pointer nor the driving 
force influences this result. On the other hand, if the 
initial state of the pointer is not narrow, then both the 
phase factor and the entanglement oscillator-apparatus 
will influence the probability distribution of the oscilla- 
tor at the end of the measurement. 

If the initial state of the oscillator is an eigenstate of 
the position with eigenvalue x(0) — xq, then the rela- 
tive probability distribution for the pointer to indicate 
a given shift s(x,xq) at the end of the measurement is 
uniform and equal to the transition probability of the os- 
cillator to evolve from the starting eigenstate of the posi- 
tion to the eigenstate of the position at x(T), where x(T) 
is an eigenvalue of the Heisenberg position operator. In 
addition, this probability distribution for the pointer is 
related to the transition probability (70) for the initial 



position eigenstate of the oscillator to evolve to an eigen- 
state of the arithmetic average between the initial and 
final position at the end of the measurement, and the 
transition probability (72) to an eigenstate of the av- 
erage (71) taken over a Feynman path. In addition, as 
shown in (88), when the pointer starts in a position eigen- 
state at X — Xq the transition probability to evolve to 
a sharp position state at the end of the measurement 
is uniform and depends on the ratio of the mass of the 
pointer to the duration of the measurement. 

To conclude, when the measurement has finite dura- 
tion, both the motion of the pointer and the oscillator 
influence the result of the measurement. The position 
of the pointer at the end of the measurement correlates 
with a linear combination of the initial and final posi- 
tions of the oscillator. When the coupling function in 
the oscillator-apparatus interaction (3) and the driving 
force on the oscillator are symmetric about the midpoint 
of the measuring time interval, and the initial state of 
the oscillator is an eigenstate of its position, the pointer 
will indicate the arithmetic average of the positions of 
the oscillator at the start and at the end of the mea- 
surement, and an additional constant displacement will 
appear. This additional displacement depends on the du- 
ration of the measurement and the frequency of the free 
oscillator and is determined by the external force acting 
on the oscillator. The external force also causes the ap- 
pearance of a phase factor in the wave function at the end 
of the measurement. The phase of this factor depends on 
the arithmetical average of the initial and final positions 
of the oscillator. Furthermore, the probability that the 
pointer will indicate a given average value is equal to 
the transition probability for the free oscillator to expe- 
rience the change in position. If the initial state of the 
pointer is a narrow wavepacket, then for any initial state 
of the oscillator, the measurement yields, approximately, 
the undisturbed probability distribution for the position 
of the free oscillator at the end of the measurement. That 
is, the driving force plays no role in this almost perfect 
measurement of the position of the oscillator. 
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